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Abstract

Drop retraction methods are popular means of measuring the interfacial tension between immiscible polymers. Experiments
two different drop retraction methods, imbedded fiber retraction (IFR) and deformed drop retraction (DDR), give inconsistent resul
surfactant is present on the surface of the drop. These inconsistencies are deemed to be due to dilution of the surfactant and due
in interfacial concentration of surfactant along the drop surface. This physical picture is quantified for the simple case of a Newto
in a Newtonian matrix, with an insoluble, nondiffusive surfactant at the interface. The drop is deformed in computational fluid d
simulations by shearing the matrix, and then allowed to retract. Dilution and interfacial tension gradients effects are found to be
large at the early stages of retraction, making IFR unsuitable for measuring the interfacial tension of surfactant-laden interfaces. T
of surfactant dilution and gradients are found to persist even at late stages of retraction, causing the DDR method to underes
equilibrium interfacial tension significantly. The largest underestimates occur when the drop viscosity is lower than the matrix visc
 2003 Elsevier Inc. All rights reserved.
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1. Introduction and motivation

Thermodynamically immiscible polymers are routine
blended together in order to improve their physical pr
erties. When two immiscible polymer melts are blend
structural development is strongly affected by the inte
cial tension between the polymers. The common method
measuring the equilibrium interfacial tension between
miscible liquids, such as the pendant drop method or
spinning drop method, require that the drop shape ach
equilibrium before the measurement can be made. Due t
high viscosity of most polymers, the equilibration time c
be very long, resulting in degradation of the polymer over
timescale of the measurement. Therefore, more rapid
namic” methods, which obtain the interfacial tension fr
the kinetics of interfacial evolution, have been developed
polymer melts. These methods are based on the prin
that when a nonspherical inclusion of a liquid is suspen
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in another immiscible liquid, it evolves into a spherical sha
due to interfacial tension. This process is a balance betw
interfacial tension that drives interfacial evolution and
viscous resistance. Thus, the rate of interfacial evolutio
proportional to the interfacial tension and offers a me
of obtaining the interfacial tension. The interfacial evo
tion during the most common dynamic methods is sho
in Fig. 1, and the relative merits of these methods have b
reviewed recently [1].

Block copolymers are routinely employed to prom
blending of immiscible polymers (e.g., by improving t
dispersion of one polymer into another), and hence are c
monly called “compatibilizers.” Compatibilizers are surfa
active, and lower the interfacial tension between the imm
cible polymer melts. Due to this surfactant-like behavior
compatibilizers, the term “surfactant” will be used in this p
per. The dependence of interfacial tension on block cop
mer concentration has been the subject of numerous p
cations (see, for example, Retsos et al. [2] and refere
therein). In almost all such research, the interfacial ten
was obtained by equilibrium methods. This cannot, howe
be done for all polymers, especially not for high-molecu
weight polymers, due to the problem of degradation m

http://www.elsevier.com/locate/jcis
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Fig. 1. Common dynamic methods of measuring interfacial tension between immiscible polymers illustrated for the uncompatibilized PE/PS systemable 1
at 200◦C. Interfacial tension is obtained from the (a) rate of growth of a sinusoidal disturbance on a cylindrical fiber in the breaking thread method;ial
rate of retraction of a short fiber in the imbedded fiber retraction (IFR) method; (c) terminal rate of retraction of an ellipsoidal drop in the deformrop
retraction (DDR) method; (c) was obtained by applying a step strain (along the velocity direction shown) on a spherical drop, and then allowing it ttract.
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tioned above. It is therefore tempting to employ dynam
methods to measure the interfacial tension of interfaces
block copolymers [3–5].

Accordingly, we attempted to measure the interfacial t
sion between polyethylene (PE) and polystyrene (PS),
added PS-b-PE diblock copolymer surfactant, using drop
traction methods. Since it was desirable to give the surfac
sufficient time to adsorb at the interface, the method s
gested by Luciani et al. [6], which starts with an initia
spherical drop, was chosen. The experimental procedure
to equilibrate an initially spherical drop for a certain amo
of time, deform it by a step shear strain, and then allow i
retract back to its spherical shape. The main difference f
Luciani’s method is that we used a large step strain (∼ 5–10)
to deform the drop, compared with the much smaller stra
(<0.15) used by Luciani [6]. One key advantage of the la
step strain is that the viscoelastic relaxation of the poly
is mostly completed during the early retraction, allowing
assumption of Newtonian fluids to be made in the term
stages of retraction. A second advantage of the large
forming strain is that the drop has sufficient time to beco
an axisymmetricellipsoid before it retracts into a spher
whereas this is generally not expected to be true in prev
small shear strain experiments [6]. Axisymmetric ellipso
are convenient when the retraction is observed along the
locity gradient direction, since the axes of the drop can
calculated from a conservation of volume equation with
knowing the orientation angle of the major axis with
spect to the flow direction. A final advantage is that ea
in the retraction process, the drop attains an approxima
s

-

Fig. 2. Interfacial tension of compatibilized drops by DDR and IFR. C
cles refer to the PE/PS system, whereas the squares refer to the PMM
system. Open and filled symbols are interfacial tensions measured b
and DDR, respectively. Dotted lines are to guide the eye. Each point i
average of at least five experiments.

cylindrical shape [7–9] before becoming an axisymme
ellipsoid. Therefore the initial cylindrical retraction can
analyzed using the imbedded fiber retraction (IFR) met
and the terminal retraction of the ellipsoid by the deform
drop retraction method (DDR) method, thus allowing the
terfacial tension to be obtained by both methods in the s
experiment. Experimental details are given in Appendix
and the results of these experiments are shown in Fig. 2
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e surfactant
Table 1
Properties of materials used

Drop/matrix Polymers (supplier) Mn (kg/mol) Mw/Mn µ∗
0

a (Pa s) λ∗ =µd/µm σ0 (mN/m)

PE/PS PE (Dow HDPE 04452N) 18 4.8 1940
PS (Dow, noncommercial) 65 2.2 2190 0.89 5.2c

PS-b-PE 40;fPS= 0.5b 1.1 –

PMMA/PS PMMA (Scientific Polymer Products) 19 1.8 4470
PS (Dow Styron 666D) 105 2.0 7990 0.56 1.2–1.9d

PS-b-PMMA 34; fPS= 0.3 1.4 –

a Dynamic viscosity measured at 0.05 rad/s.
b fPS= mole fraction of PS.
c Ref. [6].
d Refs. [25–27].

Fig. 3. Schematic of surfactant-laden drop after being deformed by a shear flow. Thickness of the black boundary of the drop represents th
concentration. Initially, the spherical drop has a uniform, equilibrium concentration everywhere on its surface. Deformation causes low concentration at the
waist of the drop and high concentration at the tips.
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Without the diblock copolymer surfactant, the values
interfacial tension between PE and PS measured from
and DDR are comparable, and in reasonable agreemen
the previously reported value in Table 1. However, for
system with surfactant, Fig. 2 shows that the interfacial
sions from IFR are far higher than those from DDR;
deed, IFR suggests that interfacial tension increases
to addition of surfactant, which is physically unrealist
A similar result was observed for a polymethylmethac
late (PMMA)/PS system with added PS-b-PMMA diblock
copolymer surfactant; these data are shown in Fig. 2 as

In qualitative terms, the results of Fig. 2 may be explai
by the physical picture in Fig. 3. When a surfactant-la
drop initially at equilibrium is subjected to a step deform
tion, the surfactant is convected by the applied flow field
is no longer uniformly distributed on the surface of the dr
In particular, if bulk diffusion is ignored (a good approxim
tion considering the low diffusivity of most block copolym
surfactants), the concentration of the surfactant over m
of the surface is lower than the equilibrium concentrat
whereas the concentration at the tips is higher. Recen
periments have verified such concentration gradients dire
using fluorescently labeled block copolymer [10], and
directly by their effect on drop shapes [11]. Therefore,
waist of the drop tends to retract faster than expected f
the equilibrium interfacial tension, whereas the tips ten
-

retract more slowly. In addition, Marangoni stresses on
drop surface are expected to accelerate retraction. A
these effects are caused by deviations of the local conce
tion from the equilibrium value. Since these deviations
largest during the early stages of retraction, it is not surp
ing that IFR and DDR give different values for the interfac
tension.

These experiments motivated the present work, in wh
we attempt to make the above physical picture more q
titative. In particular, the question addressed here is:
dynamic methods of measuring interfacial tension still
plicable when a surfactant is present at the interface betw
the immiscible fluids?

For the breaking thread method, the linear stability an
sis of Hansen et al. [12] has already demonstrated tha
surfactant affects the kinetics of interfacial evolution sign
icantly. In particular, they have shown that if the thread v
cosity is significantly different from the matrix viscosity, th
wavelength of the disturbance is significantly smaller t
expected, and its initial growth rate is significantly sma
than expected from the equilibrium value of the inter
cial tension. Thus, although the authors did not mention
relevance of their results to the breaking thread method
plicitly, their analysis indicates that this method can gre
underestimate the interfacial tension of surfactant-la
threads.
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In this paper, the effect of surfactant on the kinetics
IFR and DDR is studied by numerical simulation and
validity of these methods for measuring the interfacial t
sion of surfactant-laden drops is assessed. The deform
history in the simulations is the same as in the experim
of Fig. 2: a shear strain is applied to an initially spheri
drop, followed by retraction under quiescent conditions.
mentioned above, this offers a means of obtaining the in
facial tension by both methods, IFR and DDR, in a sin
experiment.

2. Problem statement

2.1. Governing equations

An initially spherical drop of radiusR0 and viscosity
µd is suspended in an immiscible liquid matrix of visco
ity µm. Both fluids are assumed incompressible, and in
tial and buoyancy effects are assumed to be small in
phases, which are excellent assumptions for high-visco
polymer melts. In addition, both fluids are assumed N
tonian. Although polymer melts are often strongly viscoel
tic, interfacial-tension-driven retraction is generally su
ciently slow to permit the assumption of Newtonian beh
ior. Thus, bulk flow in each phase is described by the Sto
flow equations,

(1)∇ · ui = 0, ∇ · Ti = 0, i = d (drop) orm (matrix),

(2)Ti = −piI +µi

(∇ui + ∇uT
i

)
, i = d orm,

whereui andpi are the velocity and pressure fields resp
tively, Ti is the stress tensor, andI is the identity tensor.

The simulation consists of subjecting the drop to sh
flow at a rate ofγ̇ for a certain timetF , and then stopping th
shear flow and allowing the drop to retract. Thus, far aw
from the drop, the velocity field is

(3)um(x, t)=



(0 γ̇ 0

0 0 0
0 0 0

)
· x for 0 � t < tF ,

0 for tF < t.

The problem statement is completed by specifying
boundary conditions of no slip, and of discontinuity of stre
at the drop surface,

(4)ud = um,

(5)(T · n)m − (T · n)d = σκn − ∇Sσ,

whereκ is the local mean curvature,n is the local outward
normal, and∇S = (I−nn) ·∇ is the gradient operator on th
surface.

The dependence of the local interfacial tension,σ , on the
local surfactant concentration,Γ , is defined by the Langmui
equation of state,

(6)σ = σ0 +RT Γ∞ ln

(
1− Γ

)
,

Γ∞
whereσ0 is the interfacial tension of the bare interface wi
out surfactant, andΓ∞ is the maximum possible interfaci
concentration of surfactant. A key feature of the Langm
equation shown in Fig. 4 is that with increasing surfact
concentrationΓ , the interfacial tension decreases incre
ingly rapidly asΓ∞ is approached. This feature captures
behavior of many low-molecular-weight surfactants qual
tively. This constitutive equation has not been evaluated
polymeric surfactants such as block copolymers; howe
Appendix B demonstrates that the results of this paper
not conditional on the Langmuir equation being valid;
results appear to be valid quantitatively regardless of co
tutive equation.

The surfactant is assumed to be insoluble (i.e., t
amount of surfactant on the drop is fixed), and diffusion
surfactant along the interface is neglected. The above e
tion of state and the conditions under which bulk solubi
and surface diffusion can be neglected have been discu
in detail previously [10–14].

2.2. Dimensionless quantities

All dimensionless quantities are superscripted by an
terisk. The viscosity ratioλ∗ is defined as

(7)λ∗ = µd

µm

.

The equilibrium concentrationΓe everywhere on the
spherical drop under quiescent conditions, and the co
sponding equilibrium interfacial tensionσe are related by
Eq. (6),

(8)
σe

σ0
= 1+ RT Γ∞

σ0
ln

(
1− Γe

Γ∞

)
= (

1+E∗
0 ln(1− c∗)

)
,

Fig. 4. Interfacial tension vs concentration of surfactantΓ/Γ∞ per Lang-
muir equation, Eq. (6). IncreasingE∗

0 = RTΓ∞/σ0 makes the interfacia
tension increasingly sensitive to surfactant concentration. Simulations
performed for the filled circles withE∗

0 = 0.2 andc∗ = Γe/Γ∞ = 0, 0.2,
0.5, 0.75, and 0.95.
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where

(9)E∗
0 = RT Γ∞

σ0
and c∗ = Γe

Γ∞
.

c∗ is the dimensionless equilibrium surface concentrat
or surface coverage.E∗

0, along withΓ∞, is a characteristic
property of a particular surfactant and the bulk fluids. N
that the present definition ofE∗

0 was preferred over that o
Eggleton et al. [15] becauseE∗

0 andΓe (or equivalentlyE∗
0

and c∗) can be varied independently. In the present sim
lations,E∗

0 was fixed andc∗ was varied. This is analogou
to the experiments of Fig. 2 in which the polymers and
surfactant were fixed and the concentration of the surfac
was increased.

The equilibrium interfacial tension and concentrati
σe andΓe, respectively, are used to define the dimension
local concentration,Γ ∗, and the dimensionless local interf
cial tension,σ ∗:

(10)Γ ∗ = Γ

Γe

, σ ∗ = σ

σe
.

Equation (6) can therefore be written in dimensionl
form as

(11)σ ∗ = 1+E∗
0 ln(1− c∗Γ ∗)

1+E∗
0 ln(1− c∗)

.

During the deformation phase, the appropriate dimens
less variables are

(12)Ca∗ = R0µmγ̇

σe
, t∗ = γ̇ t,

whereCa∗ is the capillary number, andt∗ is the dimension
less time during shear flow, or equivalently, the shear str

During the retraction phase, dimensionless time is
fined as

(13)t∗ = tσe

R0µm

.

2.3. Parameter values

The range of viscosity ratios studied is fromλ∗ = 0.01
to λ∗ = 3. Significantly larger values ofλ∗ are not inter-
esting experimentally because of the increasing difficult
deforming drops in shear flow asλ∗ exceeds 3. Values ofλ∗
lower than 0.01 show asymptotic behavior, with the de
mation and retraction behavior being dictated by the ma
viscosity, and the drops behaving as though they were in
cid.

In all simulations,Ca∗ = 1 and the drops were deforme
to a strain ofγ̇ tF = 1 or 5. Note that in our experiment
Ca∗ � 1 andγ̇ tF ∼ 5–10; however, the high curvature r
sulting from Ca∗ � 1 is computationally expensive, an
henceCa∗ = 1 was chosen for simulations. However, lim
ited simulations atλ∗ = 1 usingCa= 10 and 100 showe
no qualitative changes in the results.
t

The calculations of Eggleton et al. [16] suggest t
E∗

0 = 0.2 is reasonable for low-molecular-weight surfa
tants. There are only limited results suggesting that Eq
is valid for polymeric surfactants [28]. Nevertheless, a va
of 0.2 is not unreasonable for polymeric surfactants
shown by a simple calculation: The maximum concen
tion of block copolymer at an interface is of the order
0.1 molecule/nm2 [17]. With a bare interfacial tension o
about 5 mN/m and a temperature of 200◦C this correspond
to E∗

0 ∼ 0.15. ThereforeE∗
0 = 0.2 was used in all the simu

lations. This value is somewhat lower than the value of 0
obtained by Hu and Lips [28].

Simulations were performed for surface coverages
c∗ = 0, 0.2, 0.5, 0.75, and 0.95; thec∗ = 0 case (no sur
factant) was used as a reference.

2.4. Numerical techniques

Drop shapes were obtained using a 3-D adaptive m
ing FEM algorithm under development. Pressure stabil
Petrov–Galerkin (PSPG) formulation was used to al
equal order interpolation of velocity and pressure with lin
tetrahedral elements [18,19,29,30]. Message Passing
face (MPI) was used for efficient parallelization. The init
mesh was generated using HyperMesh, a commercial
gram from Altair Engineering. After the deformation at ea
time step, both the surface and volume meshes are reme
to ensure accurate resolution of surface curvature and
variables. Details of the numerical method can be found e
where [18,19]. Here surfactants are assumed to be insol
whereas Zhou et al. [18] have considered the more ge
case of surfactants that are soluble in the bulk phases.

3. Results

The results forλ∗ = 1 andc∗ = 0, 0.2, and 0.95 will firs
be presented in detail. The results for the other values oc∗
and forλ∗ �= 1 will be summarized later in the paper.

3.1. Fiber retraction forλ∗ = 1

Fig. 5 shows the shapes of drops withc∗ = 0, 0.2, and
0.95 during retraction. Fig. 6 shows the evolution of
three axes for the corresponding drops. HereR1 andR2 are
the major and minor axes, respectively, andR3 is the axis
along the vorticity direction. The general features of the
formation and retraction process, consistent with prev
observations [9], are as follows. The shear strain app
from t∗ = 0 to t∗ = 5 is seen to increaseR1 somewhat les
than expected if deformation were affine. This is attributa
to the fact that affine deformation is expected asCa∗ → ∞,
whereasCa∗ = 1 during deformation, and hence the dr
has time to retract during deformation itself. TheR2 axis
decreases sharply after deformation begins, whereas thR3
axis decreases more slowly because this decrease is en
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Fig. 5. Shapes of drops with (a)c∗ = 0, (b) c∗ = 0.2, and (c)c∗ = 0.95 at various times during retraction after shearing atCa∗ = 1 to a strain of 5. The
velocity and gradient directions in (a) apply to (b) and (c) as well. The contour lines on the surface in (b) and (c) mark the local concentration as tabulated. The
magnified image in (b) shows a detailed view of the tip of the drops att∗ = 5. The drops att∗ = 17 and 25 in (c) have no contour lines, since concentration
everywhere on the drop is very close to 1.
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Fig. 6. Axes of drops during deformation and retraction. They-axes refers
to the c∗ = 0 curve only; thec∗ = 0.2 andc∗ = 0.95 curves have bee
shifted downward by 0.5 and 1 units, respectively, for clarity. Dashed
in (a) is theR1/R0 for affine deformation of thec∗ = 0 drop. Solid lines
in (a) are the calculations of Tjahjadi et al. Eq. (16) starting with the d
shapes att∗ = 5 andt∗ = 10 for c∗ = 0 andc∗ = 0.2, and att∗ = 5 and
t∗ = 5 for c∗ = 0.95.

due to interfacial tension, and not due to the applied fl
field. Upon cessation of shear,R1 decreases rapidly, where
R2 increases as the drop retracts into a sphere. The beh
of R3 is somewhat more complex, yet after a certain time
lowing cessation of shear,R3 also increases monotonical
For t∗ > 8,R2 ≈R3 for all drops in Fig. 6, i.e., the drops b
come axisymmetric. Moreover, Fig. 5 shows that forc∗ = 0
and 0.2, att∗ = 10, the drop shapes can be well-represen
by a cylinder with hemispherical endcaps at short tim
Therefore the applicability of the IFR method can be ev
uated for these drops starting att∗ ≈ 10.

Tjahjadi et al. [20] have solved the retraction of cylind
cal drops with hemispherical endcaps by boundary inte
r

methods and presented the time-evolution of the dimens
less drop half-lengthR1/R0 as a power series in time,

(14)
R1

R0
=

4∑
n=0

kn

(
σ(t − t0)

µma(t0)

)n

for t � t0,

where t0 is the “starting time of the fiber retraction,” i.e
some convenient time at which the fiber may be appr
mated as a cylinder with hemispherical endcaps.a(t0) is the
initial radius of the corresponding cylinder defined by v
ume conservation,

(15)
4

3
πR3

0 = 2πa(t0)2R1 − 2

3
πa(t0)

3.

The coefficientskn have been tabulated as a function of
viscosity ratioλ∗ and the initial aspect ratio,R1(t0)/a(t0), of
the cylinder [20]. Experimentally, some time when the sh
of the fiber is approximately cylindrical with hemispheric
endcaps is taken ast0, anda(t0) is calculated from Eq. (15
to obtain the initial aspect ratio, and hencekn. Varying σ

to fit the experimentalR1/R0 vs time data allows determ
nation of the interfacial tension using the fiber retract
method. In the present situation, we seek to treat the
ulations like experimental data, i.e., fit the equation

(16)
R1

R0
=

4∑
n=0

kn

(
σapp(t − t0)

µma(t0)

)n

for t � t0

to the simulated data and compare the apparent interf
tension,σapp, with the equilibrium value,σe . Since simu-
lations are in terms of dimensionless quantities, the ab
equation can be rewritten as

R1

R0
=

4∑
n=0

kn

(
σapp

σe

σe(t − t0)

µmR0

R0

a(t0)

)n

(17)=
4∑

n=0

kn

(
σapp

σe

(
t∗ − t∗0

) R0

a(t∗0)

)n

for t∗ � t∗0 ,

wheret∗0 is the dimensionless starting time of fiber retr
tion. Equation (17), withσapp/σe as a fitting parameter, ca
be used to fit the simulatedR1/R0 vs t∗ results. The best fi
value ofσapp/σe is then an indication of how accurately IF
measures the equilibrium interfacial tension. Takingt∗0 = 10,
the initial aspect ratio is found from the drop shape at
time, and the correspondingkn’s found from Tjahjadi et
al. [20]. Fig. 5 shows that the best fit of Eq. (17) is obtain
with σapp/σ0 of 0.98. Thus, IFR is able to measure the
terfacial tension of surfactant-free drops within 2% er
Remarkably, usingt∗0 = 5 (cessation of shear) as the st
of “fiber” retraction also yields a best fit of Eq. (17) wi
σapp/σ0 of 0.98 although the drop is not an axisymme
cylinder (R2 ≈R3 is not true) at this time. This suggests th
the retraction ofR1 is not very sensitive to the details of th
initial drop shape as long as the aspect ratio is large. In
case, the main conclusion is that the interfacial tensio
surfactant-free drops can be measured accurately by IF
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The initial retraction of thec∗ = 0.2 drop is almost iden
tical to that of thec∗ = 0 drop. Fitting Eq. (17) (with eithe
t∗0 = 5 or with t∗0 = 10) yieldsσapp/σe(c

∗ = 0.2) = 0.95.
Thus,σe of the c∗ = 0.2 drop is estimated within 5% e
ror by the IFR method. At first glance this appears to
a tolerable error. However the equilibrium interfacial te
sion of this drop is only 4% lower than of the bare interfa
i.e.,σe(c∗ = 0.2)= 0.96σ0. Thus, the error in measuring th
equilibrium interfacial tension by IFR (5%) is comparab
to the decrease in interfacial tension from that of the b
interface (4%). Clearly, the IFR is not a suitable method
measure the small decreases in equilibrium interfacial
sion when the surfactant is present in dilute quantities.

The initial retraction of the drop withc∗ = 0.95 is signifi-
cantly faster than that of the other two drops shown in Fig
indeed this is evident even from the drop shapes in Fig
Fitting Eq. (17) witht∗0 = 52 yields σapp/σe(c

∗ = 0.95) =
1.5, i.e., the IFR method overestimates the equilibrium
terfacial tension by 50% for thec∗ = 0.95 drop. What is the
reason for this unexpectedly fast retraction of thec∗ = 0.95
drop and the resulting error in estimated interfacial tensi

One possibility is the qualitative change in the dr
shape: the drop shape is ellipsoidal rather than cylindr
at early times. The noncylindrical shape of the drop is
likely to be the cause for the faster retraction; indeed ea
in this section, it was noted that the retraction ofR1 is rather
insensitive to the initial shape. The most probable reason
the fast initial retraction is evident from Fig. 5c which sho
the interfacial concentration on the drop. It is clear tha
t∗ = 5,Γ ∗ ranges from 0.5 to 0.9, i.e., the interfacial conc
trationΓ over most of the drop surface is from about 0.5
0.9 timesΓe. The corresponding values ofσ ∗ from Eq. (11)
range from 1.5 to 2.1, i.e., most of the drop surface ha
interfacial tension that is from 1.5 to 2.1 times the equi
rium value. Moreover, thec∗ = 0.95 drop also has a sha
gradient in interfacial tension, i.e., a Marangoni stress, c
to its tips. An approximate comparison of the magnitude
the Marangoni stresses and of the capillary pressure ma
made by comparing∇sσ andκσ along the ABC contour in
the top figure in Fig. 5c. These two quantities are found
be nearly equal at the tips of the drop, i.e., the magnitud
the Marangoni stress is nearly equal to the magnitude o
capillary pressure. Thus, the Marangoni stress is sufficie
large to accelerate the retraction of the tips significantly
summarize, the initial retraction over most of the drop s
face is driven by an interfacial tension that is considera
higher thanσe ; in addition, it is enhanced by Marango
stresses at the tips. Therefore the Tjahjadi et al. predic
significantly overestimates the interfacial tension.

The results of Fig. 6 highlight the pitfalls of usin
dynamic methods to measure the interfacial tension
surfactant-laden interfaces. A dynamic method is one

2 A fit starting with the shape att∗0 = 10 was not done since att∗0 = 10,
the drop is not sufficiently elongated to be approximated as a cylinder.
uses the kinetics of interfacial evolution to measure the
terfacial tension. For a surfactant-laden interface, interfa
evolution is generally accompanied by a change in the in
facial tension, as well as by gradients in surfactant con
tration. Thus, the local interfacial tension at any point on
interface is generally different from the equilibrium interf
cial tension. Therefore, a dynamic method will, in gene
yield an interfacial tension that is different from the eq
librium interfacial tension. For the shear history follow
here, deviations of interfacial tension from the equilibriu
value, are largest at early times, making the initial retrac
most susceptible to these effects. Clearly, using the in
retraction of the drop to obtain the interfacial tension
surfactant-laden drops is not advisable.

3.2. DDR forλ∗ = 1

Figs. 5 and 6b show that at long times, all drops
slightly deformed ellipsoids. Therefore the applicability
the DDR method can be evaluated using the last stage
retraction. The DDR method obtains the interfacial tens
from the relaxation time,td , of a slightly deformed drop. Ex
perimentally, the relaxation time is obtained by plotting
deformation parameter as a function of time. In the term
stages of retraction, the drop is ellipsoidal and the defor
tion parameterD decreases exponentially with time [6]:

(18)D = R1 −R2

R1 +R2
=D0 exp

(
− t

td

)
.

In dimensionless terms, this may be rewritten as

(19)D =D0 exp

(
− tσe

µmR0

/
tdσe

µmR0

)
=D0 exp

(
− t∗

t∗d

)
,

wheret∗d is the dimensionless relaxation time of a sligh
deformed drop. For a surfactant-free drop, Taylor’s the
predicts [6]

(20)t∗d = tdσe

R0µm

= (19λ∗ + 16)(2λ ∗ +3)

40(λ∗ + 1)
.

Thus, oncetd is determined from experimental data usi
Eq. (18), Eq. (20), along with independent measuremen
R0, µm, andλ∗, yields the interfacial tension. This proc
dure constitutes the DDR method. The questions addre
in this section are: do the gradients in surfactant concen
tion caused by the initial shearing have an effect during
stages of retraction? In particular, is terminal retraction
exponential as per Eq. (19)? If so, ist∗d still given by Eq. (20),
with σ being replaced simply by the equilibrium interfac
tensionσe? Note that if terminal retraction is still expone
tial and Eq. (20) is still valid for a surfactant-laden interfa
DDR can be used to measureσe from τd ; i.e., the use of the
DDR method to measure the equilibrium interfacial tens
of surfactant-laden drops is justified.

Fig. 7 replots the results of the deformation and retrac
in the form required for the DDR method. The general f
tures of this plot are as follows: for the surfactant-free dr
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Fig. 7. Deformation parameter of drops withλ∗ = 1 during deformation and
retraction. Deformation occurs atCa∗ = 1 to a shear strain of 5. Solid line
are exponential fits to points with 0.02<D < 0.15 and are used to obta
the dimensionless drop relaxation times. The points atc∗ = 0, c∗ = 0.2,
andc∗ = 0.95 are the same as in Fig. 6, plotted differently.

the deformation parameter increases during shearing,
then decreases during retraction. During the initial sta
of retraction the deformation parameter decreases slo
Once the drop shape can be well represented by a sli
deformed ellipsoid, the deformation parameter decrease
ponentially with time. Addition of surfactant causes th
qualitative changes. Forc∗ = 0.2, a new relaxation proces
is evident at very long times when the deformation para
ter decays more slowly than the exponential relaxation. T
slow relaxation becomes faster asc∗ is increased to 0.5, an
is no longer visible whenc∗ is further increased to 0.75
Finally, forc∗ = 0.95, the initial retraction is greatly accele
ated; this has already been discussed in the previous se

The slow relaxation process at long times, and its
havior with increasingc∗, can be explained as follows. Th
surfactant-laden drop retracts under the influence of
driving forces: differences in capillary pressure between
tips and the waist, and Marangoni stresses. The capi
pressure is the product of the local curvature,κ , and the lo-
cal interfacial tension,σ . The curvature is higher at the tip
than at the waist, however, the interfacial tension is lowe
tips than the waist. Therefore, at some time during the re
tion process, the productκσ , which is capillary pressure,
equal at the tips and at the waist. Beyond this time, furthe
traction is driven by Marangoni stresses alone. Atc∗ = 0.2,
Fig. 4 shows that the interfacial tension is depends o
weakly on concentration, thus Marangoni stresses are w
Thus, retraction is driven by Marangoni stress alone, and
corresponding relaxation of concentration gradients, oc
very slowly. Indeed, att∗ = 25, Fig. 5b shows that althoug
the drop is almost completely spherical, a significant con
tration gradient, corresponding to a small interfacial tens
gradient, still exists along the surface. With increasingc∗,
the interfacial tension becomes increasingly sensitive to
centration, leading to stronger Marangoni stresses, the
-

.

.

accelerating the slow process. Thus, to summarize, the
gin of the second relaxation process is the fact that f
surfactant-laden drop, capillary pressure cannot drive re
tion beyond a certain time; the slow process accelerates
increasingc∗ due to the increasing strength of Marang
stresses.

The DDR method is based on obtaining the time cons
of the exponential decrease of the deformation param
and using Taylor’s Eq. (20) for this time constant to o
tain the interfacial tension. At low surfactant concentratio
the exponential relaxation gives way to a slower relaxa
at long times; thus there is some arbitrariness in choo
an “exponentially decreasing” portion of the deformation
time data. We choose the range 0.02<D < 0.15; this range
is typical of experiments since deformations less than 0
are difficult to measure reliably, whereas exponential de
generally does not begin beforeD < 0.15. The exponentia
fits are shown in Fig. 7 and the corresponding dimension
relaxation times are plotted in Fig. 8.

Fig. 8a shows that the dimensionless terminal relaxa
times of the surfactant-laden drops are larger than the Ta
value predicted by Eq. (20). The largest dimensionless
laxation time occurring atc∗ = 0.5 is about 70% larger tha
the Taylor theory; thus using DDR would underestimate
equilibrium interfacial tension of thec∗ = 0.5 drop by 70%.
The data of Fig. 8a have been replotted in Fig. 8b in term
an apparent interfacial tension vs surfactant concentra
i.e., in a form similar to that of Fig. 2 (except that Fig.
has bulk concentration on thex-axis). This may be done b
using Eq. (20) to obtain apparent values of interfacial t
sion from thet∗d values obtained from the simulations, i.
by rewriting Eq. (20) as

σapp= R0µ

td

(19λ∗ + 16)(2λ∗ + 3)

40(λ∗ + 1)

(21)= σe

t∗d
(19λ∗ + 16)(2λ∗ + 3)

40(λ∗ + 1)
,

whereσe is obtained from Eq. (8). It is seen that forc∗ = 0.5,
the apparent interfacial tension measured by DDR is c
siderably lower than the equilibrium interfacial tension
mentioned above. Fig. 8b also plots the apparent inte
cial tension obtained for thec∗ = 0.95 drop from IFR (see
Fig. 6a), which is about 50% larger than the equilibri
value, as mentioned in the previous section. Thus, the s
lations are able to reproduce the experimental observatio
Fig. 2 that the interfacial tension obtained from IFR is c
siderably larger than that obtained from DDR.

However, Fig. 2 also shows that the apparent inte
cial tension from IFR with large amounts of surfactan
larger than the bare interfacial tension. In other words,
surfactant-laden drop retracts, not only faster than expe
from its equilibrium interfacial tension, but even faster th
expected from the bare interfacial tension. Such fast re
tion was not observed in any of the simulations, even at
highest value ofc∗ = 0.98 studied (not shown).



S. Velankar et al. / Journal of Colloid and Interface Science 272 (2004) 172–185 181

200
u-

lution
solid
ten-
e the
qui-
ne

tio
hea
the
this
IFR
cial
erfa
ure
qui-
ng
le

cial
tions
ex-
in
m-
ps
idal
tips
,

ents.
ing

is
th a

r-
7:
as

en:
idal
on-
imi-

ints
b-

at
of

the
that

the
m-
r’s
that
of

t as
g the
not
re

ed
ain

e
u-
ps.

y,
ilib-
the

er-
at it
Fig. 8. (a) Dimensionless drop relaxation timest∗d for λ∗ = 1. Points ob-
tained from fitting log(D) vs tr data with 0.02<D < 0.15 to exponential
fits (shown in Fig. 7 for strain= 5; not shown for strain= 1). Broken lines
are guides to the eye. Solid line is Eq. (20) forλ∗ = 1. Points atc∗ = 0
and 0.2 marked “high resolution” correspond to a larger mesh size of
points on the initially spherical drop (vs 115 points for all the other sim
lations). These demonstrate that the simulations have adequate reso
(b) Apparent interfacial tension measured by DDR. Open circles and
diamonds are results of (a) recast in the form of apparent interfacial
sion per Eq. (21). Broken lines are guides to the eye. Solid triangles ar
apparent interfacial tension from IFR per Fig. 6a. The solid line is the e
librium interfacial tension, Eq. (8); deviation of the points from this li
represents error in measuring the equilibrium interfacial tension.

3.3. DDR atλ∗ �= 1

The retraction behavior of droplets with viscosity ra
other than 1 is now presented. For these simulations, a s
strain of 1 was used to deform the droplets, rather than
value of 5 used in the previous section. The reasons for
are as follows. First, it has already been shown that the
method is not suitable to measure the equilibrium interfa
tension of surfactant-laden drops because the large int
cial deformation and retraction involved in the proced
causes large deviations in interfacial tension from the e
librium value. Thus, one motivation for using a deformi
strain of 5, viz., the ability to use IFR and DDR in a sing
.

r

-

experiment, is no longer valid. Second, the large interfa
curvature caused by a strain of 5 makes these simula
computationally intensive; this problem is expected to be
acerbated forλ∗ � 1. In contrast, simulations with a stra
of 1 take considerably less computational effort. Finally, li
ited experiments forλ∗ < 1 show that surfactant-laden dro
deformed by large strains can have strongly nonellipso
(or noncylindrical) shapes. In particular, stretched-out
were observed during retraction atλ∗ = 0.25 in our research
and have been noted previously atλ∗ = 1 [11]. Such drop
shapes are unsuitable for interfacial tension measurem
For all these reasons, it is desirable to keep the deform
strain low forλ∗ < 1 in the simulations; accordingly th
section presents deformation–retraction simulations wi
strain of 1.

The deformation vst∗ results for a strain of 1 and for va
ious values ofλ∗ show all the qualitative features of Fig.
for c∗ = 0, the terminal relaxation is exponential, where
for nonzero values ofc∗, two relaxations processes are se
a faster one corresponding to shape retraction of ellipso
drops, and a slower one corresponding to relaxation of c
centration gradients on the drop surfaces. Due to their s
larity to Fig. 7, these results are not shown here. TheseD vs
t∗ results are treated similarly to those in Fig. 7: the po
with 0.02<D < 0.15 are fitted to exponential decays to o
tain the relaxation times.

The case ofλ∗ = 1 is considered first to demonstrate th
the retraction behavior is similar qualitatively, regardless
whether the shear strain is 5 or 1. Forλ∗ = 1, these relax-
ation times for a shear strain of 1 are compared with
relaxation times for a shear strain of 5 in Fig. 8. It is seen
the dependence of the dimensionless relaxation time on
equilibrium surfactant concentration is similar for defor
ing strains of 1 and 5; however, the deviations from Taylo
theory are smaller for a shear strain of 1. This suggests
if DDR is to be used to measure the interfacial tension
compatibilized drops, the deforming strain should be kep
small as possible. The main disadvantage of decreasin
deforming strain are that in polymeric systems, there is
sufficient time for viscoelastic relaxation of the bulk befo
exponential retraction begins.

Only thec∗ = 0 andc∗ = 0.5 cases have been simulat
for λ∗ �= 1. The dimensionless relaxation times (once ag
obtained by fitting the points with 0.02<D < 0.15 to expo-
nential relaxations) are plotted as a function ofλ∗ in Fig. 9.
The relaxation times for thec∗ = 0 drops are seen to agre
well with Taylor’s theory, confirming that DDR gives acc
rate values of interfacial tension for surfactant-free dro
However, thec∗ = 0.5 drops all lie above Taylor’s theor
implying that the DDR method underestimates the equ
rium interfacial tension. Moreover, the deviation between
dimensionless relaxation times of thec∗ = 0.5 drops and
Taylor’s theory is largest at lowλ∗ (about 90% atλ∗ = 0.01),
and reduces asλ∗ increases (about 33% atλ∗ = 3). Thus,
from the point of view of applying DDR to measure the int
facial tension of compatibilized drops, Fig. 9 suggests th



182 S. Velankar et al. / Journal of Colloid and Interface Science 272 (2004) 172–185

drop
tion

are

and
his-
by
dif-
s to
can

to
face
re-

ps
with
via-
e,

te th
om
ger

mi-
y a
in

ac-
are

tion
tra-
til it
the
is

lies
of

tion

c-
ua-
erms
any
in-

utive
stic-

ics
nt-
s of

us-
acial
m
R
ium

ro-
ard
re-
e-
Re-
E:

m-
its
-

ini

b-

nt of
ixer
010
osi-
ured
eter

tic

lse-
Fig. 9. Dimensionless drop relaxation timest∗
d
(λ∗).

is better to perform measurements on a compatibilized
with λ∗ > 1. This is because the dimensionless relaxa
time is closer to that of the surfactant-free drop at highλ∗,
and thus the errors due to interfacial tension gradients
reduced.

4. Summary and conclusions

This paper describes simulations of the deformation
retraction of surfactant-laden drops. The deformation
tory involves a shear strain to deform the drop, followed
retraction under quiescent conditions. An insoluble, non
fusing surfactant is assumed. The goal of this paper i
assess whether the kinetics of retraction of the drops
yield their equilibrium interfacial tension.

The deformation of the surfactant-laden drop is found
cause gradients in surfactant concentration along its sur
The resulting gradients in interfacial tension affect the
traction behavior significantly.

For large deforming strains, the initial retraction of dro
cannot be used to obtain the interfacial tension of drops
surfactant. At high surfactant concentrations, large de
tions in the local concentration from the equilibrium valu
and correspondingMarangoni stresses, greatly accelera
initial retraction; thus, an interfacial tension calculated fr
this retraction using the IFR method is considerably lar
than the equilibrium interfacial tension.

For both, small and large deforming strains, the ter
nal retraction (where the drop may be approximated b
slightly deformed ellipsoid) is affected by the gradients
the surfactant concentration. In particular, at low surf
tant concentration two distinct drop relaxation processes
identifiable: a fast shape retraction, and a slow relaxa
of interfacial tension gradients. With increasing concen
tion of surfactant, the slow process becomes faster un
is no longer evident. Analyzing the data in terms of
DDR method, it is found that the ellipsoidal retraction
.

e

considerably slower for surfactant-laden drops. This imp
that using DDR underestimates the interfacial tension
surfactant-laden drops. It is shown that the underestima
is most severe at low viscosity ratios.

Finally, it is shown (Appendix B) that the terminal retra
tion of drops with a linear and a nonlinear constitutive eq
tion can be superposed by expressing the results in t
of the surfactant elasticity. In general, the dynamics of
process involving small deformations of surfactant-laden
terfaces, are expected to be independent of the constit
equation if represented in terms of the surfactant ela
ity.

The chief conclusion of this paper is that the dynam
of any process involving large deformation of a surfacta
laden interface are expected to be affected by deviation
the interfacial tension from its equilibrium value. Hence,
ing the dynamics of such a process to measure the interf
tension will, in general, yield values that are different fro
the equilibrium interfacial tension. In particular, the DD
method yields values that are smaller than the equilibr
interfacial tension.
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Appendix A. Experimental measurements of interfacial
tension

In this section, the experimental details involved in o
taining Fig. 2 are described.

A.1. Materials

Some properties of the polymers used for measureme
interfacial tension are given in Table 1. A Haake batch m
was used to blend 0.2% of the antioxidant Irganox 1
into the polyethylene before use. Terminal dynamic visc
ties (or equivalently, zero shear viscosities) were meas
with 25-mm parallel plates in a dynamic stress rheom
(DSR, Rheometric Scientific) at 200◦C. The PS-b-PE was
synthesized by anionic polymerization followed by cataly
hydrogenation [21], whereas the PS-b-PMMA was prepared
by atom transfer radical polymerization as described e
where [10].

http://www.iprime.umn.edu
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A.2. Sample preparation and measurements

PS was compression-molded at 200◦C into disks of di-
ameter 31 mm and thickness 1 mm, followed by drying
vacuum at 80◦C. Compression-molding was performed b
tween silicon wafers in order to obtain a smooth and cl
surface.

For the PE/PS system, various amounts of PS-b-PE
(0, 1, 3, and 5 wt%) were mixed at 170◦C with PE in a Min-
imax Mixer [22] with three steel balls, followed by drawin
the melt from the mixer. The resulting fibers of PE w
PE-b-PS had diameters ranging from 20 to 100 µm. T
fibers were placed between two PS disks and then he
in a visualization apparatus to 200◦C for about 1 h. The
fibers broke into strings of drops during heating due to c
illary instability. For the PMMA/PS system, PMMA spher
of diameter 70–200 µm with PS-b-PMMA on the surface
were prepared as described elsewhere [10]. These sp
were then embedded between two PS disks by placing t
between the disks and heating to 200◦C in the flow visual-
ization apparatus.

PE or PMMA drops embedded in PS disks were then
formed in a parallel plate geometry at a shear rate of∼1 s−1

using a counterrotating flow visualization apparatus [2
Shearing was stopped after 4–6 s to prevent breakup o
drop, which occurs beyond a shear strain of about 7. The
traction of the drop back to a spherical shape was reco
using a video camera. For each block copolymer cont
drop retraction was measured in at least five indepen
experiments. Images were digitized by a frame grabber
further analyzed using Scion Image software (Scion Co
ration). Analysis consisted of using the edge-detection a
rithm in the software, followed by converting the image in
a black-and-white image.

A.3. Analysis of fiber retraction (IFR)

Retraction of the highly elongated drops was analyzed
ing the procedure suggested by Tjahjadi et al. [20]. U
cessation of shear, the drop shape was a flat ellipsoid
R1 � R3 > R2. Initial retraction along the vorticity direc
tion caused the drop to become approximately cylindr
with hemispherical end caps withR1 � R3 ≈ R2. The time
required for the drop to become cylindrical (judged visua
was typically 200–600 s after shearing, depending on
viscosity, drop size, and interfacial tension. This time w
denoted timet0, and the value ofR1 at this time was taken to
be the initial half length of the fiber. The initial radius,a(t0),
of the fiber was obtained from Eq. (15), and used to fi
the initial aspect ratioR1/a(t0). The initial aspect ratio an
λ∗ together allow the polynomial coefficientskn of Eq. (14)
to be determined from Ref. [20]. The dimensionless d
lengthR1/R0 (> 1.5) was then plotted vs timet , andσ in
Eq. (14) was chosen to fit the experimental data. Sample
are shown in Fig. 10a. Note thatR1 is taken to be the longes
dimension of the drop when viewed along the gradient
s

t

Fig. 10. Experimental determination of interfacial tension by (a) IFR and
DDR. Solid lines in (a) and (b) are fits to Eqs. (14) and (17), respectiv
Note that (b) has a logarithmicy-axis. The timet = 0 in (b) is arbitrary (see
text).

rection whereas in reality, there is some nonzero orienta
angle betweenR1 and the flow direction. However, due
the small orientation angle and also becauseR1 � fiber di-
ameter, this error is small [23].

A.4. Analysis of drop retraction (DDR)

Interfacial tension was obtained from the terminal sta
of retraction using Taylor’s small-deformation theory as
scribed by Eqs. (17) and (20). The edge of the drop in
black-and-white picture was fitted to an ellipse using G
plot software. It took roughly 400–1000 s after shearing
the drop to become ellipsoidal (judged by quality of fi
to the elliptical profile). This time was taken ast = 0 for
the DDR method. The drop retraction timetd was obtained
by fitting Eq. (18) to the exponentially decreasing port
of the deformation vs time data (see Fig. 10b for a ty
cal dataset), and the interfacial tensionσ was then obtained
from Eq. (20). Due to the small difference between the m
and minor axes of the drop, the error caused by the unkn
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orientation angle betweenR1 and the flow direction repre
sents potentially serious error in this case. Therefore,R1 was
obtained from measurements ofR3 andR0 by using volume
conservation of the drop.

Appendix B. Linear vs nonlinear surfactants

All the simulations presented in this paper used a n
linear constitutive equation for surfactant. While the qual
tive features of this equation (in particular, “the convex-u
behavior shown in Fig. 4) are expected to be correc
thermodynamic grounds, the equation may not describe
behavior of polymeric surfactants in quantitative detail. I
therefore desirable to represent the data in Figs. 8 and 9
form that is independent of constitutive equation, i.e., in
case, independent ofc∗. We propose that the elasticity of th
surfactant

(B.1)E∗ = −
(
Γ

σ

∂σ

∂Γ

)∣∣∣∣
Γ=Γe

= − ∂ log(σ )

∂ log(Γ )

∣∣∣∣
Γ=Γe

,

is a more appropriate parameter thanc∗ to represent the
results. This proposition may be tested by comparing the
sults of the simulations using Eq. (6) with those using
alternative constitutive equation. A linear constitutive eq
tion used previously by numerous other authors (Stone
Leal [24], for example]) is

(B.2)σ = σ0 −RT Γ.

The parameterβ defined by

(B.3)β = RT Γe

σ0

characterizes the linear surfactant. Using Eq. (B.1) it is e
to show that for a linear surfactant,

(B.4)E∗ = β

1− β
,

and for the nonlinear surfactant of Eq. (6),

(B.5)E∗ =
(

c∗

1− c∗

)
E∗

0

(1+E∗
0 ln(1− c∗))

.

For E∗
0 = 0.2, the values ofc∗ = 0.2, 0.5, and 0.75 for th

nonlinear surfactant give elasticities of 0.052, 0.23, and 0
respectively, from Eq. (B.5). These elasticities are matc
reasonably well by linear surfactants withβ = 0.05, 0.2, and
0.5, respectively. Accordingly, simulations were perform
to compare the linear and nonlinear constitutive equat
with these parameter values, for drops withλ∗ = 1. Fig. 11a
compares the deformation parameters for drops with a
ear surfactant withβ = 0.2 (E∗ = 0.25) and for a nonlinea
surfactant withE∗

0 = 0.2 and c∗ = 0.5 (E∗ = 0.23). The
deformation parameter is virtually identical if the drop
deformed by a strain of 1, whereas there are only minor
ferences for a deforming strain of 5. Excellent superposi
was also obtained for the deformation parameter vst∗ re-
sults upon comparing linear surfactants withβ = 0.05 and
Fig. 11. Retraction of drops withλ∗ = 1 and linear or nonlinear surfac
tant constitutive equations. (a) Deformation parameter for drops defo
by a strain of 1 and 5, and (b) dimensionless retraction times; circles
diamonds correspond to strains of 1 and 5 respectively; open and solid
bols correspond to linear and nonlinear constitutive equations, respec
Solid symbols corresponding to the nonlinear equation are the same
as from Fig. 8a. Also note that a solid diamond and a solid circle coin
atE∗ = 0.83 (arrow).

0.5 with nonlinear surfactants withE∗
0 = 0.2 andc∗ = 0.2

and 0.75, respectively (not shown). Fig. 11b shows tha
quantity of relevance to the DDR method, the dimens
less drop relaxation time for exponential retraction,t∗d , is in
excellent agreement for linear and nonlinear surfactant
drops deformed by a strain of 1, and in reasonable agree
for the single case considered at a strain of 5. These re
indicate that the elasticity is indeed a suitable paramete
compare results of different constitutive equations.

It must be noted the definition of the elasticity is e
sentially a local linearization of the relationship betweenσ

andΓ ,

(B.6)

σ = σe + ∂σ

∂Γ

∣∣∣∣
Γ=Γe

(Γ − Γe)= σe(1+E∗)− σeE
∗

Γe

Γ.
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Thus, the elasticity is a good parameter to compare diffe
constitutive equations only if the concentration of the surf
tant on different parts of the drop is sufficiently close toΓe so
that a linear relationship betweenσ andΓ is a good approx
imation. This condition is satisfied for the last stages of d
retraction because regions on the drop surface which
Γ far from the equilibrium concentration initially have ha
time to approach the equilibrium concentration. The res
ing in terms of elasticity is expected to be unsuccessful w
applied to phenomena such as the initial retraction of Fig
or tip streaming [15], in which the local concentration is s
ficiently different fromΓe so that the nonlinear relationsh
betweenσ andΓ is evident.

Appendix C. Nomenclature

a(t0) Radius of fiber at the start of fiber retraction
c∗ Dimensionless equilibrium surface concentratio
kn Polynomial coefficient in the analysis of Tjahja

et al.
t Time
t0 Time at which fiber retraction starts
td Relaxation time of slightly deformed drop
tF Time for shear flow
t∗ Dimensionless time= γ̇ t during deformation

= tσe/(R0µ) during retraction
t∗d Dimensionless relaxation time of slightly deform

drop
t∗0 Dimensionless time at which fiber retraction star
Ca∗ Capillary number during shear flow
D Deformation parameter of drop
E∗ Elasticity of surfactant
E∗

0 Characteristic property of nonlinear surfactant
n Local outward normal on the surface
pi Pressure in fluidi (i = d or m)
R0 Initial radius of spherical drop
R1 Half of the largest axis of drop
R2 Half of the smallest axis of drop
R3 Half of the axis of drop along the vorticity directio
Ti Stress tensor in fluidi (i = d or m)
ui Velocity in fluid i (i = d orm)
β Characteristic property of linear surfactant
γ̇ Shear rate
κ Local mean curvature
λ∗ Ratio of drop viscosity to matrix viscosity
µm Viscosity of matrix
µd Viscosity of drop
Γ Interfacial concentration of surfactant
Γe Interfacial concentration of surfactant on spheri

drop at equilibrium
Γ∞ Maximum interfacial concentration of surfactant
Γ ∗ Dimensionless interfacial concentration of surfa

tant= Γ/Γe
σ Interfacial tension
σe Interfacial tension on spherical drop at equilibriu

before shearing
σ0 Interfacial tension in the absence of surfactant
σ ∗ Dimensionless interfacial tension= σ/σe
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